In the early 1970s, Bro. U. Alfred Brousseau asked for the number of regions formed in an infinite strip by the mn segments that join m equally spaced points on one edge to n equally spaced points on the other. Using projective duality, we express the number of points, segments, and regions formed by Brousseau's configuration in terms of the numbers Lk(m, n) of lines that meet an m x n lattice array in exactly k points. Formulas for the number of edges and faces formed by this configuration in terms of the multiplicities of the points are readily found, by the following sweep-line argument, for example. A line parallel and close to ~ meets all mn segments and initially identifies mn edges and ran + 1 faces. As that line sweeps from ~ to ~/, new segments and faces appear only at points of intersection; and at such a point P through which pass 2(P) segments, the edge count increases by 2(P) and the face count by ;t(P) -1. Consequently, the numbers E of segments and F of regions formed inside the strip are given by the formulas: 
A problem of Brousseau's
Formulas for the number of edges and faces formed by this configuration in terms of the multiplicities of the points are readily found, by the following sweep-line argument, for example. A line parallel and close to ~ meets all mn segments and initially identifies mn edges and ran + 1 faces. As that line sweeps from ~ to ~/, new segments and faces appear only at points of intersection; and at such a point P through which pass 2(P) segments, the edge count increases by 2(P) and the face count by ;t(P) -1. Consequently, the numbers E of segments and F of regions formed inside the strip are given by the formulas:
P~ PE~ where ~ is the set of points of intersection. Note that Euler's formula V -E + F = 1 is an immediate consequence of these formulas. (An analogous situation in E 3 is investigated in [31.)
Writing Vk for the number of points of multiplicity k that are formed inside the strip a by the intersecting segments, we can recast these formulas in the following useful form:
k~>2 k~>2 k>~2
Formulas analogous to (1) and (2) are established for an arbitrary dissected oval in [1] .
It is obvious (and readily proved) that the maximum region count occurs in the generic case, when the points X1,X2 ..... Xm on ~ and Yl, Y2 ..... Y. on r/ are so arranged that no three of the segments ~ij are concurrent in a point between ~ and q. Then ~(m, n) = (~')(~) and ~(m, n) = 0 for k >/3; and it follows that V = (~')(~) points of intersection, E =mn + 2(~')(~) segments, and F = 1 + mn + (~')(~) regions are formed in a.
Brousseau's principal interest was in the regular case, in which the m ~> 2 points X1, X2,..., X,. on ~ and the n ~> 2 points YI, ) ' 
where the first sum y~ is over all relatively prime pairs (i,j) with 1 ~< i ~< m -1 and 1 ~< j ~< n -1, and the second sum ~2 is over all relatively prime pairs (i,j) with 1 ~< i ~< ½(m -1) and 1 ~< j ~< ½(n -1). Unfortunately, the determination of the number of segments and regions that are formed by Brousseau's configuration in the regular case requires more specific information: one needs to know the number Vk of points of each multiplicity k >i 2. No explicit general formula for Lk (m, n) in terms of more familiar counting functions seems to be known. The author's 1979 query [5] about Lk(m, n) in the AMS Notices elicited no responses.
The related projective arrangement and projective duality
We begin our investigation of the regular case of Brousseau's problem by examining the projective arrangement formed by the lines that carry the segments ~ij of Brousseau's configuration. Regard the projective plane •2 as the Euclidean plane n :2 augmented by a line at infinity. It will be convenient to employ homogeneous coordinates in p2 in the form (x, y; z), where z = 0 is the line at infinity. 
Theorem 2. For each k >>, 2, the arrangement .4ran forms tk(A,..) = Lk(m, n) points of multiplicity k.
As a consequence, we can express the number of vertices, edges, and faces formed by the arrangement Am. in terms of the numbers Lk(m, n). Proof. Inserting ~ into A,.. leaves the point count unchanged and raises the segment count by m and the region count by m (one new region for each new segment). Now adding q to A.,. w {~} raises the point count by one (the point ~ c~ r/, at infinity), the segment count by n + 2 (one new segment on ¢ and n + 1 new segments'bn q), and the region count by n (one new region for the new segment on ~ and one for each of the n -1 new bounded segments on q).
An symmetry of A,.,,
The arrangement Am, has a useful, non-trivial combinatorial symmetry. For each line /(i,j), let tp(E(i,j)) = f(i,j'), where j' = n + 1 -j. We call the line ~o (/(i,j)) = E(i,j') the companion of the line f(i,j) . Lemma E(a, b), f(c, d) gives an involutory automorphism of p2. It fixes the lines ~ and r/, and it interchanges the line at infinity with the line 2y = z. It carries each line #(i,j) to its companion f(i,j'). So 6) gives an isomorphism of A,,, with itself, i.e., it induces a combinatorial symmetry on A,,, (see [2] ). The important property of this symmetry is that it carries the segment t~ij = X~Y~ on the line ~(i,j) to the complementary segment E(i,j')\X~Y~, on the companion #(i,j'); so in a sense 6) everts the strip a onto its complement.
Two lines
It follows from Lemmas 5 and 1 (or from the properties of 6)) that there must be just as many points of A,,, of each multiplicity k >~ 2 that lie outside the strip a as lie inside it. This fact allows us to relate the number tk(A,,,) of points of A,,, with multiplicity k to the number Vk(m, n) of points of multiplicity k formed in Brousseau's configuration. There is no loss of generality in supposing that m ~< n. 
Brousseau's problem
We are now equipped to express the counter V, E, F in Brousseau's problem in terms of the counting numbers Lk(m, n). 
